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In Sec. 2 of this paper dynamic equations are derived following the development in [1] . Thus the equations are formulated in Lagrange coordinates and the boundary conditions are taken on the known unstrained body. These equations are in general a pair of nonlinear wave equations with four characteristic directions. However, the possibility exists that these characteristics may become imaginary and the physical implications of this possibility are discussed.
One feature that recurs in the membrane approximation is the surprising difficulty of solving problems with small deformations. For example, in [2] great difficulty was encountered in finding numerical solutions for the slightly extended cylindrical membrane, while solutions for large extensions were found with relative ease. This phenomenon also occurs if a perturbation of the equations about an unstressed state is attempted. In this case a high order space derivative is lost from the equations and with it the ability to satisfy the prescribed boundary conditions. Corneliussen and Shield [3] circumvented this difficulty by considering a circular cylindrical membrane which was extended and inflated in such a way that the stressed state was again a circular cylinder. Linearizing the equations about this known finite deformation it is possible to find small amplitude vibrations. In Sec. 3 of this paper we develop a procedure to study the motion of pre-stressed membranes of Mooney and classical materials. Here two approaches are used: (1) a solution is found which is valid for small time (with no restriction on the magnitude of the deflections) and (2) a numerical solution is obtained for the exact equations.
2. The equations of motion. The physical situation to be considered is shown in Fig. 2. 1. An axially symmetric elastic surface generated by rotating a curve x = xn(s), r = r0(s) (s is arc-length) about the x axis is in an unstrained state at time t = 0. For I > 0 the surface is assumed to deform into another surface of revolution determined by x = x(s, <), r = r(s, t)\ thus s is a so-called Lagrangian parameter such that x = x0(s, 0), r = r0(s, 0) characterizes the initial position.
The strain is defined to be the ratio of the change in length of a line element to its original length. With this definition the strain ta in the axial direction is given by = ((dx2 + dr2)U2 -ds)/ds = (x'2 + r'2)1/2 -1, (2.1) and the strain tc in the circumferential direction by ec = (r dd -r0 dd)/r0 dd = r/r0 - 
These nonlinear partial differential equations have the form of nonlinear wave equations. Since initial value problems associated with them are to be treated, it is important to study their characteristics-in particular, it is desirable that the characteristics should be real (otherwise, the initial value problem would not be well posed, see Thus the right hand side of (2.10) is always positive in this case. The right hand side of (2.11) is positive only if Wta > 0, and this in turn will hold only if e" + ec > 0. Since it is reasonable to expect the strain energy to increase as the strains increase, it will be assumed that W" > 0 if the strains are positive. Thus Eqs. (2.8) are hyperbolic when the membrane is in tension. The fact that Eqs. (2.8) may change type (cf. [6] ) causes difficulty. For example, on physical grounds the initial boundary value problem seems a reasonable problem to impose on (2.8), i.e. an initial unstrained state is specified:
with certain boundary conditions r{0, t) = MO, r(s, , t) = /"(<), ^ 15x
A typical problem might be that the radii of the ends are fixed while the membrane is extended, in which case (2.15) would become r(0, t) = a, r{sf , t) = b, ^ ẑ (0, t) = gM, x(s, , t) = g2(t), where a and b are the radii of the ends. Equation (2.14) corresponds to the unstrained state, e" = tc = 0 at t = 0. Thus by (2.11) and (2.13), the initial data are given on a parabolic line (cf. [6] ) of Eqs. (2.8). However, it will be assumed that no compressions develop if the ends are pulled apart (i.e. that ea + ec is not negative). The difficulties mentioned above may be avoided altogether if the surface is initially in tension rather than unstrained. In this case Eqs. (2.8) are definitely hyperbolic and the initial boundary value problem would be well posed. This approach was successfully used by Corneliussen and Shield [3] and will also be employed in Sec. 3 of this paper.
3. The dynamic equations. For classical materials (2.12) the equations of motion (2.8) become
A iU + 9 V 4-Xr ~ 2(X + ")r°d s lL( m) 0 {x2 + r'2)l/2 .
In the context of the present paper it is also reasonable to consider material described by the Mooney strain energy density function For shorter cylinders this approximation is less valuable and it is necessary to introduce different techniques. As indicated in the introduction the usual perturbation methods fail, so that instead of searching for solutions valid for small deflections, a method will be developed below to find solutions valid for small time. Thus, while a perturbation technique attempts to find solutions valid for large time if the deflections are small, the small time approximation attempts to find solutions which are valid for large deflections if the time is small. To linearize the equations for small time the nonlinear coefficients are expanded in a power series in time. The coefficients of the various terms in the power series may be evaluated from the initial conditions and the differential equations. For small time the zero order term is assumed to be a good approximation and the prescribed initial boundary value problem is solved for these linear equations. At the end of this section the small time solution is compared with the numerical solution for the actual nonlinear equations, and very good agreement is found for a surprisingly long time.
To simplify the notation for the small time linearization of (3.1) introduce new variables
If the unstressed position of the membrane is a finite circular cylinder Eqs. The resulting algebraic equations were then solved for and rm,"+1 . This is made particularly easy by the fact that xtt and rtt appear linearly in the differential equations.
The values of xm,0 , rm,0 , xmA and rmil for 0 < m < m (if 0 < s < sf is divided into n intervals) are determined from the initial conditions. Thus xm,0 = am As, r",0 = a, and xmA = xm,0 , rmxl -rm,0 for 0 < m < ju since x,(s, 0) = r,(s, 0) = 0. The values of x0," , r0," and x",n , r",n are fixed by the boundary conditions (3.8). Thus x0,n = 0, r0 = a, x" ,n = <rsf , and rM," = a for all n > 0. It has been pointed out above that previous authors have had difficulty in solving membrane problems for small strains. The present situation is no exception. If a is close to 1 (i.e. small strains) the numerical scheme does not converge unless At is chosen so small as to make the computing time required prohibitive. However, as a increases it is possible to choose At larger and larger and still have a convergent scheme. It was found that if the cylinder was stretched to one and a half times its unstrained length, so that a = 1.5, it was possible to obtain a convergent scheme, and at the same time choose At sufficiently large that it was possible to obtain numerical solutions for large t in a reasonable amount of computer time. In fact, solutions were found up to the point of maximum deflection of the membrane. At this point the velocity changes sign (the membrane ceases to fall and begins to rise); this change in sign of the velocity definitely affects the convergence of the scheme and the time required to integrate beyond this point is prohibitively large. 
